Abstract. We prove the following Helly-type result. Let C 1 , . . . , C 3d be finite families of convex bodies in R d . Assume that for any colorful choice of 2d sets, C i k ∈ C i k for each 1 ≤ k ≤ 2d with 1 ≤ i 1 < . . . < i 2d ≤ 3d, the intersection 
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Results
We call a compact convex set in R d with non-empty interior a convex body. In Section 6.17 of the survey [DGK63] by Danzer, Grünbaum and Klee, the following generalization of Helly's theorem is stated. Theorem 1.1 (Behrend [Beh37] ). Let C be a convex body in R 2 . Assume that the intersection of any 5 halfplanes containing C contains an ellipsoid of volume 1. Then C contains an ellipsoid of volume 1.
Our first observation is that John's theorem (Theorem 2.1) implies in a straightforward way an extension of Theorem 1.1 to arbitrary dimensions. Theorem 1.2 (Helly-type theorem for ellipsoids). Let C be a finite family of convex bodies in R d , and assume that for any choice C 1 ∈ C, . . . , C d(d+3)/2 ∈ C, the intersection Note that also by John's theorem (Theorem 2.1), Helly-type results on ellipsoids and on volume are essentially equivalent, one can be derived from the other and vice versa, up to a d d factor in the volume. Lovász proved a colorful version of Helly's theorem (see Theorem 2.2), but did not publish it. Instead, he presented it as a problem in a Hungarian mathematics competition. Later Bárány [Bár82] published it with another proof that uses his colorful version of Carathéodory's Theorem.
In the same vein, we prove a colorful version of Theorem 1.2. Theorem 1.3 (Colorful Helly-type theorem for ellipsoids -many color classes). Let C 1 , . . . , C d(d+3)/2 ⊂ R d be finite families of convex bodies in R d , and assume that for any
C i contains an ellipsoid of volume 1. Then for some j, an ellipsoid of volume 1 is contained in
According to [DLLHORP17] 
C i k has volume at least 1. Then, there exists
For completeness, we sketch a brief argument to show Theorem 1.4 in Section 3.3.
The main result of the present note is the following theorem, where the number of color classes is less, but the volume of the ellipsoid we find is much smaller. Theorem 1.5 (Colorful Helly-type theorem for ellipsoids -few color classes). Let C 1 , . . . , C 3d be finite families of convex bodies in R d . Assume that for any colorful choice of 2d sets, 
where I d denotes the d × d identity matrix and the u i are column vectors. Moreover, if we enlarge this ellipsoid by a factor d about its center, then K is contained in the enlarged ellipsoid.
In the proofs, we will replace volume by normalized volume, which is the volume divided by the volume of the ball B d of unit radius centered at the origin.
Colorful Helly theorem.
We recall the Colorful Helly Theorem, as one of its straightforward corollaries will be used.
Theorem 2.2 (Colorful Helly Theorem, Lovász, Bárány [Bár82] ). Let C 1 , . . . , C d+1 be finite families of convex bodies in R d , and assume that for any colorful selection
C i is nonempty. Then for some j, the intersec-
C is also nonempty.
Corollary 2.3. Let C 1 , . . . , C d+1 be finite families of convex bodies, and L a convex body in R d . Assume that for any colorful selection
C i contains a translate of L. Then for some j, the intersection
Proof of Corollary 2.3. We use the following operation, the Minkowski difference of two convex sets A and B:
It is easy to see that A ∼ B is the set of those vectors t such that B + t ⊆ A. By the assumption, for any colorful selection
(C ∼ L) = ∅, and thus,
2.3. Lowest ellipsoid. We will follow Lovász' idea of the proof of the Colorful Helly theorem. The first step is to fix an ordering of the objects of study. This time, we are looking for an ellipsoid and not a point in the intersection, therefore we need an ordering on the ellipsoids.
Definition 1. For an ellipsoid E, we define its height as the largest value of the orthogonal projection of E on the last coordinate axis, and denote it by m E .
Lemma 2.4. Let C be a convex body, such that it contains an ellipsoid of normalized volume 1. Then there is a unique ellipsoid of normalized volume 1 such that every other ellipsoid of normalized volume 1 inside C has larger height. We call this ellipsoid the lowest ellipsoid in C.
Proof of Lemma 2.4. For t ∈ R, let H t denote the half-space {x|x T e d ≤ t}, where e d = {0, 0, . . . , 0, 1}.
Clearly the height of an ellipsoid E is the smallest t ∈ R such that E ⊂ H t . Hence, we can take the smallest t ∈ R such that H t ∩ C contains an ellipsoid of normalized volume 1.
It is not difficult to see that the largest volume ellipsoid of H t ∩ C is the unique lowest ellipsoid of C. This property will play a crucial role in some of our proofs.
2.4.
A quantitative Helly theorem. We will rely on the following quantitative Helly theorem. 
satisfying the equations in Theorem 2.1. We can choose some C 1 , . . . C m ∈ C such that u i ∈ bd(C i ) for i = 1, . . . , m.
By the other direction of Theorem 2.1, B d is the largest volume ellipsoid of
completing the proof of Theorem 1.2.
3.2. Proof of Theorem 1.3.
C i , and
C i , and let E denote the lowest ellipsoid in K. Then there exists a j such that E is also the lowest ellipsoid of K j .
Proof of Lemma 3.1. Let H t denote the same half-space as before and let t be the height of E, so E is the largest volume ellipsoid of K ∩ H t .
Suppose that E is not the lowest ellipsoid in K j for every j ∈ {1, . . . , d(d + 3)/2}. Since E ⊂ K ⊂ K j , this means that each K j contains a lower ellipsoid than E of normalized volume 1. Therefore we can choose a small > 0 such that K j ∩H t− contains an ellipsoid of normalized volume 1 for each j.
Let us consider now the following
We can apply Theorem 1.2 on these sets. If we choose
of these sets and take intersection, we obtain either K, or K j ∩ H t− for some j. By the assumption of Theorem 1.3, K contains an ellipsoid of normalized volume 1. We have also seen that K j ∩ H t− contains an ellipsoid of normalized volume 1. Hence,
contains an ellipsoid of normalized volume 1. This contradicts the fact that E is the lowest ellipsoid in K, and thus, Lemma 3.1 follows.
Using Lemmas 2.4 and 3.1, we can complete the proof of Theorem 1.3. For every colorful selection C 1 ∈ C 1 , . . . , C d(d+3)/2 ∈ C d(d+3)/2 , there is an ellipsoid of normalized volume 1 in
C i . By Lemma 2.4, we can choose the lowest ellipsoid in each of these intersections. Let us denote the set of these ellipsoid as B. Since we have finitely many intersections, there is a highest one among these ellipsoids. Let us denote this ellipsoid by E max .
E max is defined by some
C i . By Lemma 3.1, there is a j such that E max is the lowest ellipsoid in K j . We will show that E max lies in every element of C j for this j.
Let C ∈ C j be a fixed set from C j . Suppose that E max ⊂ C. Then E max ⊂ C ∩ K j . By the assumption of Theorem 1.3, C ∩ K j contains an ellipsoid of normalized volume 1, since it is the intersection of a colorful selection of sets. Since C ∩ K j ⊂ K j , the lowest ellipsoid of C ∩ K j is at least as high as the lowest ellipsoid of K j . But the unique lowest ellipsoid of K j is E max , and E max ⊂ C ∩ K j . So the lowest ellipsoid of C ∩ K j lies higher than E max . This contradicts that E max was chosen to be the highest among the ellipsoids in B. So E max ⊂ C, which yields E max ⊂ To prove Theorem 1.5, we will assume that all colorful choices of 2d sets contain an ellipsoid of normalized volume at least one.
Consider the lowest ellipsoid of normalized volume 1 in all colorful choices of 2d − 1 sets. We may assume that the highest one of these ellipsoids is B d . By possibly changing the indices of the families, we may assume that the choice is C 1 ∈ C 1 , . . . , C 2d−1 ∈ C 2d−1 . We call C 2d , C 2d+1 , . . . , C 3d the remaining families.
Consider the half-space H 1 ⊃ B d with outer normal e d , bounded by a supporting hyperplane of B d . Clearly, B d is the largest volume ellipsoid contained in M := C 1 ∩ . . . ∩ C 2d−1 ∩ H 1 .
Next, take an arbitrary colorful choice C 2d ∈ C 2d , C 2d+1 ∈ C 2d+1 , . . . , C 3d ∈ C 3d of the remaining d + 1 families. We claim that the intersection of any 2d sets of C 1 , . . . , C 2d−1 , H 1 , C 2d , . . . , C 3d contains an ellipsoid of normalized volume at least 1. Indeed, if H 1 is not among those 2d sets, then our assumption ensures this. If H 1 is among them, then by the choice of H 1 , the claim holds. Therefore, by Theorem 2.5, the intersection Thus, we have shown that any colorful choice C 2d ∈ C 2d , C 2d+1 ∈ C 2d+1 , . . . , C 3d ∈ C 3d of the remaining d+1 families, 
